Abstract-We present an analysis of the discrete perfectly matched layer in cylindrical coordinates. The discretization is effected with a staggered second-order accurate finite difference time domain method. For fixed discretization parameters, layer width, and a quadratic loss function, we find the numerical reflection produced by the discrete layer is accurately predicted by the analytical reflection coefficient for
I. Introduction

E VER since the introduction of the Perfectly Matched
Layer (PML) [1] , much effort has been expended in deriving and numerically analyzing split and un-split variants of the field equations in rectangular coordinates [2] , [3] , [4] . Also, generalizations of the PML to other coordinate systems, e.g., cylindrical and spherical, have been presented ( [5] , [6] , [7] are representative of such extensions). The PML is now accepted as a mature non-reflecting boundary condition and is used in industrial Computational Electromagnetics software.
While the PML literature is vast in size, it is difficult for a user to decide what the loss profile function, and other parameters, should be so that an a' priori known level of spurious reflection is introduced in the computation by the presence of the discretized layer. We have been able to find one publication that discusses this issue for the PML in rectangular coordinates [8] . In the present paper we extend the approach of [8] to analyze the discrete PML in cylindrical coordinates using the unsplit formulation derived in [5] . We find, as in [9] for local non-reflecting boundary conditions, that the dispersion properties of the underlying numerical scheme limit the capability of the theoretical reflection coefficient to predict the PML reflection in an actual simulation.
Herein, we show that the numerical reflection, introduced by the PML when it is used to truncate a computational domain over which the time-domain Maxwell equations are solved with a second-order accurate FDTD scheme, can be completely characterized in terms of its parameters, and in terms of the numerical dispersion of the underlying numerical scheme. In Section 2, we briefly show the PML equations employed herein, and their second-order accurate FDTD discretization in cylindrical coordinates. We also give the analytical (infinite resolution) reflection coefficient [5] . In this paper we consider quadratic PML loss functions, but our approach is not thusly constrained; it is possible to examine cylindrical PML's with other loss functions, as well as PML's where the loss parameters are specified point-wise in theρ−direction. Section 3 contains our analysis of the discretized PML, and the numerical dispersion analysis of the underlying scheme which makes the PML analysis possible for this coordinate system. Section 4 presents two-dimensional numerical experiments that validate the analysis. The paper ends in Section 5 with a brief summary, and a discussion of future work.
II. The Cylindrical PML Equations and their Numerical Discretization
Our test model is a non-homogeneous Dirichlet problem for TM-polarized time-dependent electromagnetic waves, with non-zero field components (E, H ρ , H φ ), in the exterior of the disk (ρ = ρ s ) as depicted in Figure 1 . The computational domain of interest, Ω c , is the region ρ s ≤ ρ ≤ ρ p , 0 ≤ φ < 2π. The perfectly matched layer (PML) occupies the shaded region, Ω pml , shown in Figure 1 ; its width is d ρ = ρ o − ρ p . The equations used herein to describe the PML in the frequency-domain are those derived in [5] ; in the next paragraph we show their time-domain analogue which will be used in the numerical experiments of Section 4.
The identification of the PML as a bounded dielectric "medium" allows one to combine the relevant equations with those of Maxwell, and pose one initial boundary-value problem over ρ s ≤ ρ ≤ ρ o , 0 ≤ φ < 2π, t ≥ 0 as follows: 
where
and , µ are the electric permittivity and magnetic permeability respectively. In (2), the positive parameters σ max and d ρ , and the integer ipml, are user-defined quantities. Other functions are possible for σ(ρ). The analysis developed in Section 3 allows the possibility for values of σ(ρ) to be assigned pointwise in Ω pml . System (1) reduces to Maxwell's equations in Ω c , and models time-dependent wave propagation in a nondispersive dielectric with constitutive laws D = E, B ρ = µH ρ , B φ = µH φ . Eliminating the Magnetic fields from (1) one obtains the standard scalar wave equation for E in Ω c
A similar procedure in Ω pml results in a single wave equation for the Electric field whose frequency-domain analogue is given as Equation (2.17) in [5] . Hereafter we take = µ = 1, so the speed of light is c = 1/ √ µ = 1.
System (1) is closed with the boundary conditions depicted in Figure 1 , and we set all fields to be zero at the initial time t = 0. The theoretical (infinite resolution) reflection coefficient of the cylindrical PML layer is given by a ratio of Hankel functions [5] R
where n is the cylindrical mode index (assuming e inφ angular variation of the fields), k = ω/c is the wavenumber, and ω is the frequency.
The numerical discretization of our model problem in Ω c is straightforward. A cylindrical grid is placed over the domain of interest and the mesh points ρ = ρ s + ∆ρ, where ∆ρ = (ρ p − ρ s )/N R and 1 ≤ ≤ N R + N pml − 1, where N pml are the number of grid points in Ω pml , and φ j = j∆φ, where ∆φ = 2π/N φ and 0 ≤ j < N φ , are defined. Time is discretized as t m = m∆t, m ≥ 0. The dependent variables on the grid are staggered. The time derivative of E is centered at t = (m + 1/2)∆t, while those of H ρ and H φ are centered at t = m∆t. In this fashion, centered differences across one timestep result in second-order accuracy in time. Using cell-and edge-centered differences for ∂/∂ρ and ∂/∂φ on the cylindrical stencil, a second-order accurate discretization of (1)- (2) in Ω c is
To complete the numerical scheme we impose the non-homogeneous Dirichlet data on = 0; 0 ≤ j ≤ N φ − 1, and the periodicity condition, e.g., E
Straightforward manipulation of the ( , j, m) integer indices in (5) allows the elimination of the H ρ and H φ grid functions. The result is the second-order accurate discretization of (3) for E m ,j :
where ν ρ = c∆t/h is the Courant number in thê ρ−direction. Further details of this scheme can be found in [9] .
In Ω pml (1)-(2) contain lower-order (undifferentiated) terms which are time-averaged; otherwise the scheme is as (5) above. For example:
All lower-order terms are centered in time at the same location as are the time derivatives that appear in the corresponding expressions. The finite difference equations in Ω pml are implemented for N R ≤ ≤ N R + N pml − 1, and closed with the homogeneous Dirichlet boundary condition
Since (1)- (2) are solved over the domain Ω c ∪ Ω pml , the computational overhead due to the presence of Ω pml is proportional to N pml × N φ . Relative to the computational cost in Ω c this overhead is of order N pml /N R . The assumption that (1) is solved everywhere is not inappropriate since for a problem involving realistic dielectric polarization models one would have to implement additional differential equations to describe the evolution of the Electric and Magnetic polarization in Ω c ; these differential equations would be similar to those in (1), e.g., in a Debye nonmagnetic dielectric Maxwell's equations are writen for the fields (D, E, H ρ , H φ ) with D and E related by D = E +P , where τ dP dt + P = ∆ E [11] .
III. Analysis of the Discrete PML Equations
We now analyze the discrete layer equations, obtained from (1) as described in Section 2, with the goal of obtaining a reliable means for the determination of σ c max and σ m max , given all other parameters. We define the vector representing the grid functions for the fields as follows:
where the spatial index is defined to be 0 when ρ = ρ p so that Ω c corresponds to < 0, while Ω pml corresponds to 0 ≤ ≤ N pml . Simple algebraic manipulation of the difference equations in these two regions results in a single difference equation forê( ) in Ω c ∪ Ω pml . For < 0 we have
where ρ = ρ p − ∆ρ and ρ ± 1 2
2 )∆ρ. The set of difference equations (10) is closed with the boundary conditionê(N pml ) = 0. We note here that other boundary conditions can be considered in order to truncate the PML, however we do not expect significant improvement [12] over the simple homogeneous Dirichlet condition.
We can now proceed to present a procedure for computing the discrete analogue of (4). At = 0 (the interface between Ω c and Ω pml ) we have α − 1 2 = 1 so
Sinceê(N pml ) = 0, we can assemble a non-homogeneous tridiagonal algebraic system for the unknown vector grid function (10)-(14). The system is of the form
where P is a tridiagonal matrix of the coefficients of (10), and b = (1, 0, ..., 0, 0) T . If the PML is closed with a boundary condition other than that used herein, P and b must be modified accordingly. Assuming that for ≤ 0 (i.e., in Ω c ) the grid function is represented aŝ
where k ∆ρ is the wavenumber on the grid, we can solve (15) for the sought-after discrete layer reflection coefficient
where γ = b T · P −1 · b The predictive power of (17) hinges on knowledge of k ∆ρ which we determine using the discrete wave equation (6) that holds in the region ≤ 0. For a given frequency ω, and discretization parameters, we determine the numerical wavenumber on the cylindrical grid by applying (9) to an outgoing cylindrical waveê( ) = H (1) n (k ∆ρ ρ ). We obtain the numerical dispersion relation:
The dispersion relation (18) must be approximated in order to obtain the numerical wavenumber k ∆ρ as a function of 
some algebraic manipulation of (18) 
Therefore, to O(θ 2 ), the numerical wavenumber on the cylindrical grid is
We note (22) is independent of the cylindrical mode index n (equivalently, of the resolution in theφ−direction). Also, it is independent of ρ . When the discretization is chosen to resolve the waves in Ω c it is typical that the second term in (21) is ≤ 10 −4 1 ρ 2 , and the neglected higher order terms are even smaller.
We must point out that the above-presented analysis does not take into account the spurious influences of accumulated phase and truncation errors that arise from the numerical solution in Ω c . Therefore, in a numerical experiment one expects the actual reflection error to be larger than that indicated by (17).
IV. Numerical Experiments
We now evaluate the reflection coefficient (17) of the discrete layer as a function of σ max and n, given the frequency ω, the discretization parameters ∆ρ, ∆φ, ν ρ , and the layer parameters ρ p , N pml and ipml; we have set ipml = 2 for the remainder of this Section. Alternatively, we can set R Ω pml ,∆ρ n and the modal index n (along with all other relevant parameters), and determine the required σ c max and σ m max . It is also possible to optimize the layer with respect to the values of σ(ρ) in Ω pml , given all other parameters, so that a prescribed amount of reflection will be obtained for a range of the modal index n [8] . Below we present results that verify (17), and show its utility in numerical computations where the cylindrical PML is used as a non-reflecting boundary condition.
Figures 2-3 are obtained from (17) for n = 0 and n = 5 respectively, with ν ρ = 0.8, ρ p = 2, and ω = 2π. They confirm that the discrete PML equations produce a reflection that converges to zero as ∆ρ → 0 (with N pml = 20 at the first value of ∆ρ in each case) at a rate of convergence equal to that of the scheme used in Ω c . In Figure 3 , one can clearly identify the parameters σ Further, Figures 4-6 show the discrete reflection coefficient also converges to zero in accordance with the exact reflection coefficient (4) as the width of the PML is increased for the n = 0, 5, 10 cylindrical modes; also, the effect of mesh refinement is indicated. The presence of the aforementioned special values of σ max is again observed, e.g., see Figure 6 . Next, we numerically test (17) by considering waves in Ω c that are excited by prescribing the Electric field on the disk ρ = ρ s as
where ω = 2π, and n is the index of the cylindrical mode we wish to excite in Ω c . We set ρ s = 1 and ρ p = 2, and Figure 2 compute the error as
where E is the computed electric field in Ω c , E large is the electric field computed on a large domain with ρ p = 18, and the norms are over Ω c . Our graphs show ||e(·)|| ∞ for t ∈ [0, 15]. In all numerical experiments below we used N φ = 800 or N φ = 1900, and ν ρ = 0.8; for n = 0 the mesh size is ∆ρ = 5 × 10 −3 , while ∆ρ = 2.5 × 10 −3 when n = 5. We tested PML's of width d ρ = npml * ∆ρ, where N pml = 10, 20, with quadratic, ipml = 2, loss profiles. Figures 7-8 show that, as expected [5] , the reflection produced by the discrete cylindrical PML converges to zero with increasing σ max , again in accordance with (4) . We also see that, for a fixed ∆ρ the reflection converges to zero with increasing d ρ in accordance with (4) . The most important observation is the fact that (4) is a good predictor of the numerical reflection as a function of σ max when that parameter is . We expect to have obtained similar behavior had we used d ρ as the variable parameter. A ×2 mesh refinement (with all other parameters fixed) indicates an enlargement of the range of σ max that allows (4) to be an accurate predictor of performance. Figure 8 shows that (17) is an accurate predictor of discrete PML reflection. Finally, Figure 9 indicates the robustness of the discrete layer as a function of the cylindrical mode index n. To produce the Figure we 
V. Discussion and Conclusion
We have presented a procedure to accurately predict the PML reflection in cylindrical coordinates. This was achieved for a particular two-dimensional staggered grid scheme, and a particular form of the PML loss function (2); other functions are possible for σ(ρ) as our analysis does not depend on its functional form. Also, other schemes can be used provided we can determine their numerical dispersion properties in cylindrical coordinates. Significantly, the predictive ability of (17) has been verified with numerical experiments.
The analysis herein, along with that in [8] , can be used to determine the PML parameters in FDTD computations in truly three-dimensional cylindrical coordinates (see [5] for a description of the PML field equations in this case). Also, it should be possible to construct an optimization procedure along similar lines to that in [8] , i.e., set the value of the discrete reflection coefficient, and then optimize the point values of σ(ρ) over a range of cylindrical modes [0, n max ].
Finally, we wish to point out that the analysis herein can be carried out for other numerical schemes used in Ω c , and is easily extended to spherical coordinates.
